
IAS Tutorial

Alan Taylor

Properties of
large networks
Clustering
coe�cient
Average
pathlength
Small-worldness
Scale-freeness
Network motifs

Classical
random graph
models
Erd•os - R�enyi
random graphs
Gilbert random
graphs
Geometric
random graphs

Modern
random graph
models
Small world
graphs
Range
dependent
graphs
Preferential
attachment
Lock and key
graphs
Subsampling

Overview of
soft-
ware/datasets
Pajek
GraphCrunch
UCINET
CONTEST
NESSIE

IAS Tutorial
BasicConceptsand ComputationalTools

Alan Taylor

Department of Mathematics
University of Strathclyde

ta.atay@maths.strath.ac. uk

19 January 2009



IAS Tutorial

Alan Taylor

Properties of
large networks
Clustering
coe�cient
Average
pathlength
Small-worldness
Scale-freeness
Network motifs

Classical
random graph
models
Erd•os - R�enyi
random graphs
Gilbert random
graphs
Geometric
random graphs

Modern
random graph
models
Small world
graphs
Range
dependent
graphs
Preferential
attachment
Lock and key
graphs
Subsampling

Overview of
soft-
ware/datasets
Pajek
GraphCrunch
UCINET
CONTEST
NESSIE

Outline

� Propertiesof large networks

� Classicalrandomgraphmodels

� Modern randomgraphsmodels

� Overviewof graphsoftware and datasets

� NESSIEand CONTEST
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Clusteringcoe�cient

� The clusteringcoe�cient or curvatureof a vertex is the
frequencywith which its neighboursare themselves
connected

� De�ned by


 v =
jE(� v)j

� kv
2

�

Where

� � v is the neighbourhood of v

� E(� v ) is the number of edgesin the neighbourhood of v

�
� kv

2

�
is the number of possibleedgesin the neighbourhood

of v
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� A high clusteringcoe�cient indicatesa cliquey
neighbourhood

� Canobtain a measurefor the network by averagingover
all vertices

� A3
ii

deg(A)� (deg(A)� 1)

� A3
ii = 2, deg(i ) = 3
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AveragePathlength

� The pathlengthbetweentwo verticesis the shortest
distancebetweenthem

� For a connectedgraph, the maximumpathlengthbetween
two verticesis n � 1

� The averagepathlengthof the network is givenby

lG =
1

n(n � 1)
�

X

i ;j

d(vi ; vj )

� A short averagepathlengthmay be desirable,for instance
in communicationnetworks
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Small-worldness

� A network exhibitssmall-world propertiesif it hasa
combinationof high clusteringcoe�cients and short
averagepathlengths

� A featureof social networks, e.g. actors, academic
collaboration
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Scale-freeness

� A network is said to be scale-freeif its degreedistribution
follows an inversepower law

� Many low-degreevertices

� Few high-degreevertices

P(k) � k � 


� The number of nodeswith degreek looks like k � 


� For real networks, typically2 � 
 � 3
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Scale free degree distribution

� Scale-freenetworks are resistantto randomvertexremoval

� Removingthe 'hubs' may be catastrophic
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Network motifs
� Patterns that recurwithin a netwok more frequentlythan

would be expectedat random
� Often studiedin biologicalnetworks
� Motifs may perform speci�c functions
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Network motifs
� Patterns that recurwithin a netwok more frequentlythan

would be expectedat random
� Often studiedin biologicalnetworks
� Motifs may perform speci�c functions
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Erd•os - R�enyirandomgraphs

� Establisha randomgraphwith n verticesand m edgesby
consideringthe set of all suchgraphsand choosingone
with equalprobability

Requires n - number of vertices
m - number of edges
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Gilbert randomgraphs

� Establisha randomgraphby consideringpairsof vertices
and connectingthem with �xed probability p

Requires n - number of vertices
p - probability of connectingany givenpair of vertices
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Gilbert randomgraphs

� Establisha randomgraphby consideringpairsof vertices
and connectingthem with �xed probability p

Requires n - number of vertices
p - probability of connectingany givenpair of vertices
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Geometricrandomgraphs
� Establisha geometricrandomgraphby distributing

verticesin m-dimensionalspaceand connectingvertices
within a givenradius

Requires n - number of vertices
m - dimension(and appropriate norm)
� - connectionradius
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N=100, epsilon=0.15
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Geometricrandomgraphs
� Establisha geometricrandomgraphby distributing

verticesin m-dimensionalspaceand connectingvertices
within a givenradius

Requires n - number of vertices
m - dimension(and appropriate norm)
� - connectionradius
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Small-world networks

� The algorithm by Watts and Strogatz (1998) generatesa
network that exhibitssmall-world properties

� Beginwith a regular ring network, considereachedgeand
redirectwith �xed probability

�
Requires n - number of vertices

k - number of nearest neighbours to connect
p - probability of redirectingan edge
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Range-dependentgraphs

� Considerverticesuniformly spacedin onedimension

� Probability of connectingtwo verticesis a function of their
distance

p = �� j j � i j� 1

� Guaranteenearest neighbour connectionby setting � = 1
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� Alternative algorithm by Kleinberg (2000) arranges
verticesin a 2D lattice

� Connectverticeswithin Manhattan distancek

� Add q long-rangeshortcuts per vertex

� Probability of addinga shortcut betweentwo verticesis
inverselyproportional to their Manhattan distance

� Networks createdin this fashionalsoexhibit small-world
properties
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Preferentialattachment
� Procedurefor creatinga network with a scale-freedegree

distribution
� Beginwith a smallnetwork then grow it vertexby vertex
� New verticesare more likely to form connectionswith

high-degreevertices
� Similar degreedistributionscan be achievedby evolvinga

network in a hierarchical manner
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Preferentialattachment
� Procedurefor creatinga network with a scale-freedegree

distribution
� Beginwith a smallnetwork then grow it vertexby vertex
� New verticesare more likely to form connectionswith

high-degreevertices
� Similar degreedistributionscan be achievedby evolvinga

network in a hierarchical manner
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Lock andkey graphs

� Basedon the ideathat proteins interact becausethey
share physicallymatchingprts

� "Locks" connectto their corresponding"keys"

� Verticesi and j are connectedif onehasa particular key
and the other hasthe corresponding lock
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�
Requires n - number of vertices

m - number of lock and key types
p - probability that a givenvertexhasa particular lock or key

� Straightforward extensionto directedgraphs

� Keyspoint to locks but not the other way around
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Subsampling

� Canobtain a new network by applyinga subsampling
algorithm to an existingnetwork

� May do this by straightforward unbiasedvertexremoval

� Considereachvertex in turn and discard with probability p
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� Alternatively, retain a �xed proportion of vertices("bait"
vertices)

� Considereachof thesein turn and retain a proportion of
its edges

� New network consistsof "bait" and "prey" vertices
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� Alternatively, retain a �xed proportion of vertices("bait"
vertices)

� Considereachof thesein turn and retain a proportion of
its edges

� New network consistsof "bait" and "prey" vertices
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� Alternatively, retain a �xed proportion of vertices("bait"
vertices)

� Considereachof thesein turn and retain a proportion of
its edges

� New network consistsof "bait" and "prey" vertices
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� Alternatively, retain a �xed proportion of vertices("bait"
vertices)

� Considereachof thesein turn and retain a proportion of
its edges

� New network consistsof "bait" and "prey" vertices
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Pajek

� Slovenefor "spider"

� Tool for large network analysisand visualization

� Freelyavailablefor windows

� supports multiple input formats

� Tools for conversionfrom exceland text formats

� Createpartitions, hierarchical reductionetc.

http://pajek.imfm.si/do ku.p hp
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GraphCrunch

� Tool for large network analysis

� Freelyavailablefor Linux, Mac OS X and Cygwin

� Analyzeslarge networks by comparison with randomgraph
models

� Input �les in LEDA format or as edgelist (.txt �les)

� Works with undirectedunweightedgraphs

http://www.ics.uci.edu/ bio-nets/graphcrunch/
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UCINET

� Packagefor analysisof social network data

� Maximum of about 33,000vertices

� Methods includesubgroupidenti�cation, role analysisand
permutationbasedstatistical analysis

� IncludesNetDraw program

� 40 dollars for students,150 dollars for schools

� Freelyavailabledatasets

http://www.analytictech .com/
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CONTEST

� Controllabletest matrix toolbox

� Implementsseveralrandomgraphmodelsin MATLAB

� Producesundirected,unweightedsparsematrices

� All modelsdescribed earlier plus stickinessmodel

� Utilities for calculatingmeasureson graphs

� Randomizegraphsby rewiringedgesor addingshortcuts

http://www.maths.strath .ac. uk/r esearch /gro ups/numeric al
analysis/contest
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NESSIE

� Network examplesourcesupporting innovative
experimentation

� Scottish-themeddatasetsaswell asnetworks beingstudied
locally

� Availablein MATLAB format and text format (can be
readinto Pajek or GraphCrunch)

http://www.maths.strath .ac. uk/ aap05145/Nessie/nessie.ht ml
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